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ON A CLASS OF RANDOM SETS OF POSITIVE INTEGERS
YONG HAN, YANQI QIU, AND ZIPENG WANG
Abstract. In this note, we study a class of random subsets of positive integers induced
by Bernoulli random variables. We obtain sufficient conditions such that the random
set is almost surely lacunary, does not have bounded gaps and contains infinitely many
arithmetic progressions, respectively.
1. Introduction
Let N = {1, 2, · · · } be the set of positive integers. Suppose that X = (Xk)k∈N is a
sequence of independent Bernoulli random variables with
P[Xk = 1] = 1− P[Xk = 0] = pk ∈ [0, 1], ∀k ∈ N.
In this note, we studied the random set EX ⊂ N defined by
EX := {k ∈ N : Xk = 1}.
By Borel-Cantelli lemma,
∑∞
k=0 pk = ∞ if and only if |EX | = ∞ almost surely. Here by
|EX |, we mean the cardinality of the set EX . We shall always consider the case when EX
is almost surely an infinite subset.
Motivated by recent constructions of number rigid determinantal point processes on
the unit disc D with sub-Bergman kernels [6], the first part of this notes is devoted to
investigation of the sparse properties of the random set EX . We give sufficient conditions
on (pk)k∈N such that EX is lacunary or does not have bounded gap.
Recall that an increasing sequence S = {nk} ⊂ N is a lacunary sequence if
lim inf
k
nk+1
nk
> 1.
We call that a function f : [1,∞)→ [1,∞) is admissible if
• f is non-decreasing.
• For any ǫ > 0, we have∫ ∞
1
dx
xf(x)
=∞ and
∫ ∞
1
dx
xf(x)1+ǫ
<∞.
Theorem 1.1. Let f : [1,∞)→ [1,∞) be an admissible function. Let X = (Xk)k∈N be a
sequence of independent Bernoulli random variables with
P[Xk = 1] = 1− P[Xk = 0] =
1
kf(k)
.
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Let Nn = |EX ∩ (2
n, 2n+1]|, then almost surely, we have
lim sup
n→∞
Nn · Nn+1 = 0.(1.1)
In particular, almost surely, EX is a lacunary sequence.
Given an increasing infinite sequence S = {nk} ⊂ N, define the gap of S as
Gap(S) := sup
i∈N
(nk+1 − nk).
If Gap(S) <∞, we say that S has bounded gap.
Proposition 1.2. Suppose that X = (Xk)k∈N is a sequence of independent Bernoulli
random variables with
P[Xk = 1] = 1− P[Xk = 0] = pk ∈ [0, 1].
Assume tha
∑
k pk = ∞ and
∑
k p
2
k < ∞. Then almost surely EX does not have bounded
gap. That is, if we write EX as an increasing sequence EX = {nk(X)}, then
lim
k→∞
(nk+1(X)− nk(X)) =∞, a.s.
Next, we include a result on the intersection of EX and sequences with bounded gap.
Proposition 1.3. Let (pk)k∈N be a non-increasing sequence in [0, 1] and
∑
k pk =∞. Let
X = (Xk)k∈N be a sequence of independent Bernoulli random variables with
P[Xk = 1] = 1− P[Xk = 0] = pk,
Then for any infinite subset S ⊂ N with bounded gap, we have
P[S ∩ EX 6= ∅] = 1.
Remark 1.4. The condition that pk is non-increasing in Proposition 1.3 in general can
not be removed. For example, take pk =
1
k
when k is odd and pk = 0 when k is even, then
EX ∩ 2N = ∅.
Finding arithmetic progressions of fixed length (known as Erdo˝s and Tura´n’s problem)
is one of the most attractive question in number theory. In [5], Yoshiharu Kohayakawa,
Tomasz  Luczak, and Vojteˇch Ro¨dl proved a random-set analogue of Roth’s theorem on
3-term arithmetic progressions. The random counterpart of Erdo˝s and Tura´n’s problems
attracts many attentions(cf. [4, 2, 7, 1]). However, it seems that our random set EX is
different from these mentioned ones, and it is natural to consider arithmetic progressions
properties of EX . We present two simple conditions such that almost surely EX contains or
does not contain infinite number of arithmetic progressions of a fixed length, respectively.
Proposition 1.5. Let X = (Xk)k∈N be a sequence of independent Bernoulli random
variables with
P[Xk = 1] = 1− P[Xk = 0] = pk =
1
ec(logn)ǫ
for some constant c and ǫ ∈ (0, 1). Then almost surely EX contains infinite number of
arithmetic progressions of arbitrary length.
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Proposition 1.6. Let X = (Xk)k∈N be a sequence of independent Bernoulli random
variables with
P[Xk = 1] = 1− P[Xk = 0] = pk.
Suppose that pk = O(k
−α) for 0 < α ≤ 1/2 and let l ≥ 2 be the smallest integer with
l > α−1 ≥ 2. Then almost surely EX does not contain infinite number of arithmetic
progressions of length l + 1.
2. Lacunary property
This section is devoted to the proof of Theorem 1.1.
Lemma 2.1. Let α > 0 and let f : [1,∞) → [1,∞) be an admissible function. Suppose
that X = (Xk)k∈N are independent Bernoulli random variables such that
P[Xk = 1] = 1− P[Xk = 0] =
1
kf(k)α
.
For any a > 1, let Nn = |EX ∩ (an, an+1]|, then
lim sup
n→∞
Nn = ⌊α
−1⌋, a.s,
where ⌊α−1⌋ is the largest integer not greater than α−1.
Proof. For any n ∈ N, set
In := N ∩ (a
n, an+1] and Ln := |In|.
Observe that
an+1 − an − 1 ≤ Ln ≤ a
n+1 − an + 1,
we have
lim
n→∞
Ln
an
= a− 1.
For any k ∈ In, since f is non-decreasing, we have
P[Xk = 1] =
1
kf(k)α
≥
1
an+1f(an+1)α
and
P[Xk = 0] ≥ P
[
X⌊an⌋+1 = 0
]
= 1−
1
(1 + ⌊an⌋) f(⌊an⌋+ 1)α
≥ 1−
1
anf(an)α
.
Let C = ⌊ 1
α
⌋, then αC ≤ 1. Moreover, we have
P[Nn = C] ≥
∑
A⊂In
|A|=C
[
1
an+1f(an+1)α
]C [
1−
1
anf(an)α
]Ln−C
=
(
Ln
C
)[
1
an+1f(an+1)α
]C [
1−
1
anf(an)α
]Ln−C
.
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Notice that
lim
n→∞
[
1−
1
anf(an)α
]Ln−C
= lim
n→∞
{[
1−
1
anf(an)α
]anf(an)α} Ln−Canf(an)α
= 1.
Therefore, there exist constants β > 0 and M0 > 0 such that for n ≥M0,
P[Nn = C] ≥ β
(
Ln
C
)[
1
an+1f(an+1)α
]C
.
Recall
an(a− 1)− 1 ≤ Ln ≤ a
n(a− 1) + 1,
we have (
Ln
C
)
1
a(n+1)C
=
Γ(Ln + 1)
Γ(C + 1)Γ(Ln − C + 1)
1
a(n+1)C
≥
≥
1
Γ(C + 1)
Γ(an(a− 1))
Γ(an(a− 1) + 2− C)
1
a(n+1)C
.
Notice that for any real number x,
lim
n→∞
Γ(n + x)
Γ(n)nx
= 1.
Then we can find constants M1 > 0 and β
′ > 0 such that(
Ln
C
)
1
a(n+1)C
> β ′ for all n ≥M1.
Since αC ≤ 1, we obtain for n ≥M := max{M0,M1},
P[Nn = C] ≥
ββ ′
f(an+1)αC
≥
ββ ′
f(an+1)
.
Since f is an admissible function, we have
∞∑
n=M
1
f(an+1)
=
1
log a
∞∑
n=M
1
f(an+1)
∫ an+2
an+1
dx
x
≥
≥
1
log a
∞∑
n=M
∫ an+2
an+1
dx
xf(x)
≥
1
log a
∫ ∞
aM+1
dx
xf(x)
=∞.
It follows that
∞∑
n=1
P[Nn = C] =∞.
Observe that the random variables Nn are independent, we have
lim sup
n→∞
Nn ≥ C, a.s.(2.2)
On the other hand,
P[Nn ≥ C + 1] =
Ln∑
k=C+1
P[Nn = k] ≤
Ln∑
k=C+1
(
Ln
k
)[
1
anf(an)α
]k
.
RANDOM INTEGER SEQUENCE 5
Then by using C + 1 > 1
α
and f(an) ≥ 1, we obtain
∑
n∈N
P[Nn ≥ C + 1] ≤
∑
n∈N
Ln∑
k=C+1
(
Ln
k
)
1
ankf(an)αk
≤
∑
n∈N
1
f(an)α(C+1)
Ln∑
k=C+1
(
Ln
k
)
1
ank
≤
∑
n∈N
1
f(an)α(C+1)
[
1 +
1
an
]Ln
≤ sup
n∈N
[
1 +
1
an
]an+1 (∑
n∈N
1
f(an)α(C+1)
)
.
Since α(C + 1) > 1 and f is admissible, we have
log a
( ∞∑
n=2
1
f(an)α(C+1)
)
=
∞∑
n=2
1
f(an)α(C+1)
∫ an
an−1
dx
x
≤
≤
∞∑
n=2
∫ an
an−1
dx
xf(x)α(C+1)
=
∫ ∞
a
dx
xf(x)α(C+1)
<∞.
It follows that ∑
n∈N
P[Nn ≥ C + 1] <∞
and hence
lim sup
n→∞
Nn < C + 1, a.s.(2.3)
Combining (2.2) and (2.3) and using the fact that lim sup
n→∞
Nn ∈ N ∪ {∞}, we obtain the
desired limit equality
lim sup
n→∞
Nn = C = ⌊α
−1⌋, a.s.
This completes the proof of Lemma 2.1. 
Before proving Theorem 1.1, we present a corollary of Lemma 2.1.
Corollary 2.2. Let f be an admissible function. Let g : [1,∞) → [1,∞) be a function
such that g(k) ≤ f(k)α for any 0 < α ≤ 1. Consider a sequence of independent Bernoulli
random variables X = (Xk)k∈N with
P[Xk = 1] = 1− P[Xk = 0] =
1
kg(k)
.
Then almost surely EX is not a finite union of lacunary sequence.
Proof. The proof follows from Lemma 2.1 and the standard monotone coupling arguments.

Now, we are ready to prove Theorem 1.1.
Proof of Theorem 1.1. First, we prove equality (1.1). It suffices to show
∞∑
n=1
P(Nn · Nn+1 ≥ 1) <∞.(2.4)
Since for each n ∈ N, Nn and Nn+1 are independent, we have
P(Nn · Nn+1 ≥ 1) = P(Nn ≥ 1)P(Nn+1 ≥ 1) = [1− P(Nn = 0)][1− P(Nn+1 = 0)].
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Let In = N ∩ (2
n, 2n+1], then we have
P(Nn = 0) =
∏
k∈In
(
1−
1
kf(k)
)
.
Since f(x) ≥ 1, there exists β > 0 such that
1−
1
kf(k)
≥ exp
(
−
β
kf(k)
)
for all integers k ≥ 1.
It follows that for n ≥ 1
P(Nn = 0) ≥ exp
(
− β
2n+1∑
k=2n+1
1
kf(k)
)
≥ exp
(
− β
∫ 2n+1
2n
1
xf(x)
dx︸ ︷︷ ︸
denoted by An
)
.
Observe that 1− e−x ≤ x for x ≥ 0, then 1− exp(−βAn) ≤ βAn, and thus
P(NnNn+1 ≥ 1) ≤ β
2AnAn+1.
Since
An =
∫ 2n+1
2n
1
xf(x)
dx ≤
2n+1 − 2n
2nf(2n)
=
1
f(2n)
,
we have
AnAn+1 ≤
1
f(2n)f(2n+1)
≤
1
f(2n)2
.
It follows that there exists M0 ∈ N such that
∞∑
n=M0
AnAn+1 ≤
∞∑
n=M0
1
f(2n)2
<∞.
The last inequality is due to the following inequality
∞∑
n=1
1
f(2n)2
=
∞∑
n=1
2n − 2n−1
2n−1f(2n)2
≤
∞∑
n=1
∫ 2n
2n−1
1
xf(x)2
dx =
∫ ∞
1
1
xf(x)2
dx <∞.
Consequently, we obtain the desired inequality (2.4) and complete the proof of (1.1).
Next, we prove the assertion on lacunary properties. We write EX as an increasing
sequence EX = {nk(X)}. By Lemma 2.1,
lim sup
n→∞
Nn = 1 a.s.
Combining this with (1.1), we derive that almost surely,
lim sup
k→∞
nk+1(X)
nk(X)
≥ 2.
Therefore, almost surely, we have
inf
k∈N
nk+1(X)
nk(X)
> 1.
That is, EX is a lacunary sequence. This completes the proof of Theorem 1.1. 
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3. The gap
The goal of this section is to prove Propositions 1.2 and 1.3.
Proof of Proposition 1.2. The assumption
∑
k pk = ∞ implies that the sequence EX is
almost surely an infinite subset. Fix C ∈ N, consider the event
E :=
{
lim inf
k→∞
(nk+1(X)− nk(X)) ≤ C
}
.
Notice that
E =
C⋃
l=1
{
lim inf
k→∞
(nk+1(X)− nk(X)) = l
}
=
C⋃
l=1
{nk+1(X)− nk(X) = l i.o.}
and, for any fixed integer 1 ≤ l ≤ C,
P [nk+1(X)− nk(X) = l i.o.] ≤ P [XkXk+l = 1 i.o.] .
Since
∞∑
k=1
P [XkXk+l = 1] =
∞∑
k=1
E[XkXk+l] =
∞∑
k=1
pkpk+l ≤
( ∞∑
k=1
p2k
)1/2( ∞∑
k=1
p2k+l
)1/2
<∞,
we have
P [XkXk+l = 1 i.o.] = 0.
Hence P[E] = 0 and we get almost surely
lim inf
k→∞
(nk+1(X)− nk(X)) > C.
Since C is an arbitrary number,
lim
k→∞
(nk+1(X)− nk(X)) =∞ a.s.
This completes the proof of Proposition 1.2. 
Proof of Proposition 1.3. Let S = {s1 < s2 < · · · } ⊂ N be a given sequence with bounded
gap such that Gap(S) = C <∞. Since pk is decreasing, we have∑
i∈N\S
pi =
∞∑
k=1
∑
sk<i<sk+1
pi ≤ C
∞∑
k=1
psk = C
∑
i∈S
pi.
the above inequality, combined with
∑
i∈S pi +
∑
i∈N\S pi =
∑
i∈N pi =∞, implies that∑
i∈S
pi =∞.
Therefore, ∑
i∈S
log
(
1
1− pi
)
=∞.
By the independence of X ,
P[S ∩ EX = ∅] =
∏
i∈S
(1− pi) = exp
{
−
∑
i∈S
log
( 1
1− pi
)}
= 0.
Then we complete the proof of Proposition 1.3. 
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4. Arithmetic progression
We prove Propositions 1.5 and 1.6 in this section.
Proof of Proposition 1.5. Fix any l ≥ 3 and for any k ∈ N, define
E(k) := {i+ kl ∈ EX : i = 1, 2, . . . , l}.
Then the events {E(k) : k = 0, 1, 2, . . .} are independent. Moreover,
∞∑
k=0
P[E(k)] =
∞∑
k=0
l∏
i=1
1
e(log(i+kl))
ǫ =
∞∑
k=0
1
e
∑l
i=1(log(i+kl))
ǫ
≥
≥
∞∑
k=0
1
el(log(l+kl))
ǫ ≥ c
∞∑
k=0
1
elog(k+1)
=
∞∑
k=0
1
k + 1
=∞.
It follows from Borel-Cantelli lemma [3, Theorem 2.3.6] that
P[E(k) i.o.] = 1.
This means that EX contains infinitely many arithmetic progressions of length l and
completes the proof. 
Proof of Proposition 1.6. Let 0 < α ≤ 1/2 and let l ≥ 2 be the smallest integer with
l > α−1 ≥ 2. For any i, d ∈ N, consider the event
El(i, d) = {i+ kd ∈ EX : 0 ≤ k ≤ l}.
Since pk = O(k
−α), there exists a constant C > 0 such that
P[El(i, d)] =
l∏
k=0
pi+kd ≤ C
l∏
k=0
1
(i+ kd)α
= C
1
iα
1
(i+ d)lα
.
Then we have
∞∑
i,d=1
P[El(i, d)] ≤ C
∞∑
i=1
1
iα
∞∑
d=1
1
(i+ d)lα
≤ C
∞∑
i=1
1
iα
∫ ∞
i
dx
xlα
=
C
lα− 1
∞∑
i=1
1
ilα
<∞.
It follows from Borel-Cantelli lemma that, almost surely, there exist only finitely many
arithmetic progressions of length l + 1 contained in EX . This completes the proof. 
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